Abstract-We present results for the analysis of input/output properties of a general class of hybrid systems given by a flow set, a flow map, a jump set, a jump map, and an output map. For this class of systems, the notion of input-output-to-state stability is introduced in the first part of the technical note. Under mild assumptions on the functions and sets defining a hybrid system, sufficient conditions for this notion in terms of Lyapunov functions are derived. Equivalences between Lyapunov functions for inputoutput-to-state stability for asymptotic and exponential decay rates are established. The sufficient conditions and equivalences are linked to the existence of norm observers for hybrid systems. These results are used in the second part of the technical note to study interconnections of hybrid systems. An interconnection result in terms of a Lyapunov-based small gain theorem is also presented. Examples illustrate the results.
I. INTRODUCTION
Notions relating input, outputs, and the state of dynamical systems have been widely applied to the analysis and design of nonlinear control systems and their interconnections. The ISS concept has been found to be of particular importance for the study of such interconnections. Pioneering work on interconnections of ISS systems appeared in [1] , [2] for continuous-time systems in the form of small gain theorems. In the results therein, the ISS properties of the individual systems are expressed in terms of estimates and involve a condition on the gains of the individual systems, called the small gain condition. This line of work was followed by its output to state counterpart, output-tostate stability (OSS) [3] , which provides a tool to establish bounds on the state in terms of the system outputs as well as a link to detectability. The combination of ISS and OSS notions led to the concept of inputoutput-to-state stability (IOSS) in [4] , where bounds on solutions are given in terms of bounds on the inputs and outputs; see [5] for a survey.
In recent years, research on sufficient conditions for ISS in terms of Lyapunov functions and extensions of ISS-like notions to other classes of systems received great attention. In particular, sufficient conditions for ISS in terms of Lyapunov functions have been shown to be a powerful tool not only to guarantee the ISS bound but also to systematically study interconnections. Interconnection results that exploit ISS properties of the individual systems were presented for continuous-time systems in [6] , for discrete-time systems in [7] , for switched systems in [8] , and for hybrid systems in [9] . A Lyapunov-based small gain theorem for interconnections of ISS systems appeared in [10] for continuous-time systems, and later extended to discrete-time and hybrid systems in [11] and [12] , respectively; see also [13] - [15] . The former notion of OSS in [3] was extended to hybrid systems in [16] . Among other issues about interconnections of hybrid systems, the notion of input-to-output stability (IOS) and its characterization in terms of Lyapunov functions were discussed in [17] . IOSS was recently extended to discrete-time systems in [18] and to switched systems in [19] . Lyapunov characterizations of IOSS were reported for continuous-time systems in [20] , for discrete-time systems in [21] , and for switched systems in [22] . Small gain results in terms of estimates were presented for interconnections of IOSS nonlinear continuous-time systems in [1] and for a class of systems with jumps in [23] .
In this technical note, we consider hybrid systems denoted as and written as (1) The state space for the state is and the space for inputs is the set . The set is the flow set, and defines the set of points in on which continuous evolution or flow is possible. The function is the flow map, and defines the motion during flow. The set is the jump set, and defines the set of points in from where discrete evolution or jumps are possible. The function is the jump map, and defines the value of the state after the jump. Finally, is the output map and defines the output. In this framework, the data of the hybrid system is given by . For this class of systems, the first part of this technical note (Section III) introduces an IOSS notion as well as the following key results: 1) The existence of an IOSS Lyapunov function is equivalent to the existence of an exponential-decay IOSS Lyapunov function and implies the existence of a state-norm estimator; 2) The existence of an IOSS Lyapunov function implies IOSS. In the second part of this technical note (Section IV), we establish the following: 3) A Lyapunov-based small gain theorem for interconnections of two hybrid systems with Lyapunov functions satisfying IOSS-like bounds. is the generalized gradient of in the sense of Clarke, which is a closed, convex, and nonempty set equal to the convex hull of all limit sequences of with taking value away from every set of measure zero in which is nondifferentiable.
II. PRELIMINARIES
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depending on the continuous and discrete dynamics as well as on the sets where those dynamics apply. In general, a hybrid system is given by data and can be written in the compact form (1). Solutions to will be given on hybrid time domains, which are denoted and are subsets of with the following structure: for each , the truncation can be written as for some finite sequence of times . A solution is a function defined on that satisfies the dynamics of with the property that, for each , is absolutely continuous and is Lebesgue measurable and locally essentially bounded on ; see [17] , [25] , when convenient, we denote by its value at , i.e., the third entry corresponds to the initial condition for the state and the fourth entry denotes the input.
The following mild conditions on will be imposed in some of the results of this technical note.
Assumption 2.1: The data of the hybrid system is such that (A1) and are closed sets; (A2) , , and are continuous. In addition to enabling the developments in this technical note, the conditions in Assumption 2.1 assure several good structural properties of the solution set of ; see [25] for more details.
III. IOSS FOR HYBRID SYSTEMS
Below, denotes the projection of the closure of onto and it is assumed that, given a nonempty compact set , the output is such that .
A. IOSS Definitions and Results
Input-output-to-state stability is a property that guarantees that the internal state components of the system are bounded when it is known that its output and input are bounded [4] , [18] . The following definition introduces the property of IOSS for hybrid systems . It does not insist on all maximal solutions to be complete.
Definition 3.1 (Input-Output-to-State Stability): Given a compact set , the hybrid system is input-output-to-state stable (IOSS) 1 The use of ess sup allows for hybrid signals such that is only Lebesgue measurable for each . Note that ess sup is first evaluated over for each fixed , and then the max over each such is computed. Since, when is fixed, hybrid signals are defined on subsets of the real line, using the Lebesgue measure space, the standard definition of ess sup over a set can be used, namely, , where is the Lebesgue measure.
if there exist and such that, for each , each satisfies, for each ,
IOSS Lyapunov functions for hybrid systems are given by locally Lipschitz functions; see [26] for their use in invariance principles and stability, and [27] , [28] Proof: Let satisfy (3), and and satisfy (4) and (5) for the given function . It is left to show that (6) and (7) hold for some , and . Let , . Note that with the definitions of and , we have that implies that and . Then, from inequalities (3)- (5), we have that (6) and (7) hold with , , and . We now prove the other direction. Let , -functions , , , and -functions satisfying (3), (6) , and (7) be given. If then, using (3), we have that (6) and (7) hold. Then, (4) and (5) 
is said to be an exponential-decay IOSS Lyapunov function for the hybrid system . The following result shows an equivalence between the existence of IOSS and exponential-decay IOSS Lyapunov functions for hybrid systems.
Proposition 3.6: Let be a compact set and be a hybrid system satisfying Assumption 2.1. The hybrid system admits an IOSS Lyapunov function if and only if it admits an exponential-decay IOSS Lyapunov function.
Proof: The direction is trivial and omitted for brevity. The other direction follows from (4) and (5) by appropriately combining the ideas in [4] , [18] . Suppose that the IOSS Lyapunov function satisfies (3) with and (4)- (5) 
B. State-Norm Estimators
State-norm estimators are useful for the purposes of control when the full state is not available for measurement, but rather, a function of the state defining an output. As shown in the literature (see, e.g., [3] , [4] and the references therein), their existence is linked to the OSS and IOSS properties of the system. Here, a state-norm estimator for a hybrid system is given by a hybrid system that has flow map and jump map , and has a state that flows and jumps when the state of flows and jumps, respectively. The interconnection between the hybrid system and the norm observer results in the hybrid system (10) where and are the flow set and jump set associated to , respectively. 2 The input to this interconnection is given by . Solutions to are given by pairs , where is the state part of the solution starting from , while is the input part.
Definition 3.9: Given a compact set , a state-norm estimator for a hybrid system consists of a function and a hybrid system with state and input leading to as in (10), for which 2 In terms of , these sets are given by and , respectively.
• There exist , and such that, for every , every solution pair satisfies, for all , 3 (11) • There exist and such that, for every , every solution pair satisfies, for all ,
Input-output-to-state stability and the existence of a state-norm estimator are related as follows.
Proposition 3.10: Given a compact set and a hybrid system , the following hold: 1) If satisfies Assumption 2.1 and admits an exponential-decay IOSS Lyapunov function then admits a state-norm estimator.
2) If admits a state-norm estimator then is IOSS.
Proof: To prove item 1, let , satisfy (8) and (9) for a given exponential-decay IOSS Lyapunov function . Consider the candidate state-norm estimator with , ,
, and . Given a solution pair to , the state of the norm estimator satisfies (13) Condition (11) holds since the jumps of are triggered externally (when ), and the continuous and discrete dynamics of are linear and, when the inputs are zero, exponentially converges to zero. Now, we show that (12) holds. By construction, jumps of and occur simultaneously. For any given , evaluating (8) and (9) 3 For simplicity, we write instead of (same for ) and instead of . pair , (11) for implies that, for all , (14) Since is also a solution to , using (14) in (12), we get the IOSS bound . With Proposition 3.10 in place, we are ready to prove Theorem 3.7.
Proof of Theorem 3.7:
Since admits an IOSS Lyapunov function, by Proposition 3.6, it admits an exponential-decay IOSS Lyapunov function. Then, IOSS follows from Proposition 3.10: under the assumptions, item 1 implies that admits a state-norm estimator, from where item 2 implies that is IOSS.
IV. SMALL GAIN THEOREM FOR THE CONSTRUCTION OF IOSS LYAPUNOV FUNCTIONS
We consider hybrid systems with state , input , and output that can be written as (15) with output , where , , , 2, , , and , . The data of is , where , , and . In particular, appropriate decompositions of hybrid systems as in (1) can be written as (15) . Interconnections of two hybrid systems and with the property that jumps of the individual systems and of the interconnection coincide can be written as (15) . 4 Example 4.4 illustrates such a situation. The interconnections of two hybrid systems considered in [12] for the study of ISS properties as well as the systems with jumps considered in [23] can also be written as in (15) .
Before we introduce a Lyapunov-based small gain result for hybrid systems in the form (15), we present a lemma that follows from [27, Sec. 3.3] establishing the existence of two functions and their general properties. As a difference to [10, Lemma A.1] , it assures the existence of classfunctions that are continuously differentiable on , rather than on , which is key in defining a locally Lipschitz Lyapunov function for (15) . (15) can be interpreted as the interconnection of with input and with input via the assignment and . Then, the flow set for the interconnection between and is given by , while the flow map is given by the stack of the flow maps and , i.e., . When the jumps of the individual systems and of the interconnection coincide, i.e., if and only if , then the jump set for the interconnection between and is given by and the jump map is given by ; see [30] and [17] . (24) Then, the locally Lipschitz function (25) is such that the following hold: 5 In particular, condition (24) holds when functions are given by the identity function (Id). for ISS hybrid systems. By following the construction and results from [27, Sec. 3.3] , the function in (25) is locally Lipschitz, while the constructions in [10] , [12] do not have such a property at points where vanishes. Then, when and vanish on a compact subset of , 6 and , Theorem 4.2 implies that satisfies (6), (7) . The additional property on is guaranteed when the assumptions are strengthened so that and the function constructed in the proof is of class -Example 4.4 illustrates this point. 7 Moreover, the following special cases are of interest: i) For each , 2, and ; ii) For each , 2,
; iii) For each , 2, and . The special case i) coincides with [12, Theorem 2.1]. The conditions in Theorem 4.2 for the ii) case are in terms of IOSS Lyapunov functions in (strict) inequality form (see (6) , (7)), with the additional boundedness conditions (20) , (22) at jumps, which are required in Lyapunov-based small gain results for discrete-time systems [11] . The conditions for case iii) are related to IOS Lyapunov functions for hybrid systems; see [17] . 
